We investigate an ultracold Fermi gas in a hexagonal lattice subjected to a strong Rashba spin-orbit coupling (SOC). We focus on the marginal Abelian limit with the strength of SOC κ = π/2, where the derived Dirac fermions are spin-1/2 spinors in contrast to the pure hexagonal lattice. We find a double-degeneracy at the center of the Brillouin zone, which is a spin-3/2 Dirac-Weyl fermion that can be represented as two spin-1/2 fermions. While at the corner of the Brillouin zone, there occur another two spin-1/2 fermions. These Dirac spinors display a verity of spin textures beyond the usual topological properties. Furthermore, we investigate the energy spectrum of one-dimensional (1D) zigzag and armchair ribbons, and show that the appearance of a new cone at the center of the Brillouin zone can induce two flat bands in a 1D zigzag ribbon. These unique properties allow us to transport a single spin-1/2 Dirac spinor through the 1D zigzag ribbon with two quasi-two-dimensional leads, where only the spin-up or spin-down freedom of the Dirac spinors can transit through the ribbon.
I. INTRODUCTION
The successful control of ultracold atoms in optical lattices has made it an ideal playground to explore a variety of fascinating quantum phenomena [1] . One example is that the two-dimensional (2D) hexagonal optical lattice has attracted considerable interest both theoretically [2] [3] [4] and experimentally [5, 6] . The artificial honeycomb geometry can give rise to Dirac cones, such as that of graphene [7] , which are of great importance in the study of remarkable behaviors of relativistic fermions.
More recently, spin-orbit coupling (SOC) has become an exciting forefront [8, 9] because of its potential application in future spintronics [10, 11] . This has motivated much effort in creating artificial non-Abelian gauge fields in ultracold atoms [12] , where both the spin-orbit-coupled Bose-Einstein condensate [13] and Fermi gas [14, 15] have been successfully realized. Such advances open up a new avenue towards exploring many novel physics of an optical lattice subjected to SOC [16] [17] [18] [19] [20] [21] . Especially, it was shown that the emerging relativistic fermions can also occur in a square lattice, where the strong Rashba SOC plays the key role [16] .
However, although the above relativistic fermions have attracted great attention and have been discussed many times in both the solid-state and ultracold-atom communities, the degrees of freedom of the real and pseudo spins are not involved simultaneously. Therefore, it is natural to study a new system by combining the strong SOC of Ref. [16] with a honeycomb geometry. In contrast to graphene, when a fermion hops between two honeycomb sublattices, the accompanying spin will be flipped.
In this paper, we focus on the marginal Abelian limit with the strength of SOC κ = π/2, where the emerging Dirac fermions become spin-1/2 spinors. We show that there * andrewjee@sina.com occurs a spin-3/2 Dirac-Weyl fermion at the center of the Brillouin zone, which can be represented as two spin-1/2 fermions. While at the corner of the Brillouin zone, another two spin-1/2 fermions occur. In contrast to the well-studied pure hexagonal lattice, these Dirac spinors display a variety of spin textures beyond the usual topological properties. Furthermore, because the mesoscopic property is of great interest in honeycomb geometry, we also investigate the energy spectrum of one-dimensional (1D) zigzag and armchair ribbons. We demonstrate that the appearance of a new cone at the center of the Brillouin zone can induce two flat bands in a 1D zigzag ribbon, which is of significance for mesoscopic transports. Finally, we calculate the transport conductance of the 1D zigzag ribbon with two quasi-2D leads, and we find that only the spin-up or spin-down freedom of the Dirac spinors can transit through the zigzag ribbon. This paper is organized as follows: We first discuss the single-particle spectrum of the system in Sec. II. Then in Sec. III, we derive the effective Hamiltonians at the center and corner of the Brillouin zone. In Sec. IV, we analyze the topological properties and spin configurations of the effective Hamiltonians. After that, we investigate the energy spectrum of 1D zigzag and armchair ribbons in Sec. V, and calculate the conductance of the 1D zigzag ribbon with two quasi-2D leads in Sec. VI. Finally, the experimental feasibility of the actual realization of the effective models is discussed in Sec. VII. be described by
where ψ = (ψ ↑ ,ψ ↓ ) T is the two-component fermionic field operator, κ is the strength of Rashba SOC and τ = {τ x ,τ y }, where τ x,y are the spin Pauli matrices. The optical potential can be given by
, and k L = π/a (a is the lattice spacing) [2] , where the minima of V OL form a hexagonal lattice, as shown in Fig. 1(a) . The above Hamiltonian can be rewritten in a gauge-field form, which reads
with A = κ(τ x ,τ y ) being the non-Abelian gauge-field induced by Rashba SOC. Then, in the deep optical lattice limit, we can use the Wannier functions expansion and derive the tightbinding model
where t is the overall hopping amplitude, (1, − √ 3), andδ 3 = a(−1,0) (a is the lattice spacing), see Fig. 1(b) . The nearest sites tunneling matrices are Uδ = e i A·δ with A = κ(τ x ,τ y ) the non-Abelian gauge-field induced by Rashba SOC [16] [17] [18] . Here, the diagonal terms of Uδ = cos κÎ + i sin κ ( τ ·δ) denote the spin-conserved hopping, while the off-diagonal terms describe the spin-flipped hopping, which is induced by the above Rashba-type non-Abelian gauge field.
Then, in the momentum space, we have the following Hamiltonian on the basis of the four-component wave function
with the matrix elements u( k) = −t cos κ δ e i k· δ , v 1 ( k) = −it sin κ δ e i k· δ ( δ · τ ) ↑↓ , and v 2 ( k) = −it sin κ δ e i k· δ ( δ · τ ) ↓↑ . Here, we have also included a staggered sublattice potential m [23] and a polarization field which introduces the population imbalance between two fermionic components. The corresponding energy spectrum of the Hamiltonian [Eq. (4)] can be obtained as
We now discuss the peculiar properties of the corresponding energy bands of Eq. (5). For simplicity, here we consider the case with both m and being zero. First for κ = 0, the band structure is explicitly as that of graphene where the Dirac cones at K,K are spin degenerate. However, when the SOC is added to the lattice, both the up and down spin components will be mixed, and each of the spin degenerate band would be split into two Rashba bands. Specifically, in the vicinity of κ = π/2 where the spin-flipped process dominates, the Wilson loop
] reduces to the marginal Abelian regime with |W | = 2 [16] . In this case, there develops a significant new cone at the center of the Brillouin zone beyond the two familiar K,K cones of graphene [see Fig. 1(c) ]. Interestingly, we find that while the energy bands around K,K are nondegenerate, the bands around the point exhibit an extra two-fold degeneracy, as shown in Fig. 1(d) . The general case with nonzero m and will be discussed below.
III. EFFECTIVE HAMILTONIAN AND EIGENVECTORS NEAR AND K,K POINTS
To gain more insight into the above results around and K,K points, it is instructive to derive the effective low-energy Hamiltonian in the marginal Abelian regime with κ = π/2. We first consider the point, the effective Hamiltonian reads (see Appendix A)
where α = σ x ⊗ τ i with σ i , i = x,y being the Pauli matrices representing the AB-sublattice pseudo-spin degrees of freedom and β = σ z ⊗Î τ . At first sight, when = 0, Eq. (6) bears the same form of the archetype four-component Dirac fermion with k z = 0 [24] . However, as is well known, the archetype Dirac fermion can only appear in 3 + 1 dimensions, but in the case of 2 + 1 dimensions it suffices to use 2 × 2 matrices to define the Clifford algebra [25, 26] . Actually, the double degeneracy at point shows that this is a spin-3/2 Dirac-Weyl fermion that can be represented as two spin-1/2 fermions [25] . In Appendix A, we see that the two positive-energy wave functions are in fact spin-1/2 spinors with u 1 = (cos
. Generally, Eq. (6) can be decoupled into two effective Hamiltonians
While for the K and K points, the corresponding effective Hamiltonians H K(K ) and eigenvectors U K(K ) are also given in Appendix A. We find that the nonzero positive-energy wave functions of H K(K ) are spin-1/2 spinors with u K = (sin
T and (ψ B↑ ,ψ A↓ ) T , respectively. Significantly, note that u K(K ) are complex conjugate to u 2(1) with the same eigenenergies, and we arrive at the following effective Hamiltonians for the two spin-1/2 Dirac spinors at K,K points:
We then discuss the roles of parameters m and in the effective Hamiltonians. First for m = 0, = 0 or = 0,m = 0, u 1,2 are still double degenerate but open the same gaps as the other two spin-1/2 fermions u K,K . While for the general case with both m and , the double degeneracy would be broken, the u 1 − u K branches open a large gap m + and the u 2 − u K branches possess a small gap |m − |. In this work, we assume that both m and are positive.
IV. TOPOLOGICAL PROPERTIES AND SPIN CONFIGURATIONS OF THE EFFECTIVE HAMILTONIANS
Now, we discuss the topological properties of the spin-1/2 Dirac fermions of the effective Hamiltonians H 1 (2) and H K(K ) . The Berry curvatures are calculated through
Here, u γ represents the sgn m. We see that the total Chern number at K,K points vanishes sgn , which give rise to a nonzero Chern number at point with C = −1. This is similar to Haldane's model for a quantumhall insulator without Landau levels [27] . Similarly, we have sgn(m − ). We see that either for m > or m < , the overall Chern number C sum and spin Hall conductivity σ s sum are zero. Therefore, although the topological properties of each 1/2-spinor are nontrivial, there is no topological order in the overall system and no topological phase transitions occur. Furthermore, the above Chern numbers can also be calculated by
with h γ representing the projection of H 1 (2) and H K(K ) into the spin subspaces spanned by (τ x ,τ y ,τ z ) . Then, we obtain 023608-3
γ represents the real spin configurations in the spin subspaces, see Fig. 2 . The corresponding topological structures are defined by plotting h γ as a function of k. We find that they can be visualized by the meron configurations of vectors h γ . The meron is a half skyrmion, where it points to the north (or the south) pole at the origin and winds around the equator at the boundary with ±1/2 topological charge [28] . This can be clearly seen in the s z value of spin s = we have cos θ ± = ±1 at the center of each cone with k = 0, depending on the sign of m ± . Therefore, each branch is the s z spin eigenstate at the center of the cones, while s γ z vanishes away from the center. In Fig. 2 , both the topological properties and spin configurations of each band are entirely determined by the two external parameters m and .
V. SPECTRUM OF ZIGZAG AND ARMCHAIR RIBBONS
In this section, we investigate the mesoscopic behaviors of the system. As is well known, the central issue regarding graphene is how it behaves when it is patterned at the nanometer scale with different edge geometries, i.e., the ribbons. Such ribbons with various types of edges have been shown to exhibit dramatically different properties [29] [30] [31] . Here, we calculate the energy spectrum of 1D zigzag and armchair ribbons in the marginal Abelian limit with κ = π/2. We note that because the unique properties of the system arise from the combination of the strong non-Abelian gauge field and honeycomb geometry of the optical lattice, the edges also play important roles.
For the 1D ribbon with zigzag (armchair) edges, the Hamiltonian is translation invariant along the x (y) direction. The corresponding configuration of the ribbon is depicted in Fig. 1 of Ref. [30] . We assume that there are N A-type and NB-type atoms in a unit cell. Then, the corresponding tight-binding Hamiltonian can be represented as represents the intracell and intercell hopping matrix in the 1D momentum space, see Appendix B. By diagonalizing the Hamiltonian H z,a , we can derive the corresponding energy spectrum of the SO-coupled ribbons. Figure 3 shows the results for m = = 0. We find that while there are no edge states for the armchair case similar to graphene, the behaviors of edge states in the zigzag ribbon are dramatically changed by the SOC. Significantly, the appearance of the new cone at in Fig. 1(c) induces two flat bands, which connect the u 1 − u K and u 2 − u K energy bands. The energy spectrum of the 1D zigzag ribbon for the general situation is shown in Fig. 4(b) , where for either m > or m < , the spectra are the same, and the flat band opens up a large gap m + for u 1 − u K and a small gap |m − | for the u 2 − u K branches. Here we should mention that because there is no topological order in this system, the flat bands come from the honeycomb geometry, such as that of graphene, which could not be confused with the edge states in the topological insulators [8] . Nevertheless, the nontrivial topological properties of each spin-1/2 spinor can be explored through the so-called valley-filter scheme [32] as shown in Sec. VI. Fig. 4(a) as a function of Fermi energy E F . In the region |m − | < E F < τ [see Fig. 4(b) ], the conductance is quantized with G = 1/h and only the u K branch of the leads can be transmitted with P K 1.
VI. CONDUCTANCE OF THE 1D ZIGZAG RIBBON WITH TWO QUASI-2D LEADS
Now, we calculate the conductance of 1D zigzag ribbon coupled with two quasi-2D leads, which may display novel spin-based transports phenomena. More recently, there have been great advances in investigating the transporting properties of ultracold gases [22, 33] . Especially, the mesoscopic transport through a 1D channel has been successfully realized in experiments [34] . Here, we consider a 1D zigzag ribbon contact, which is connected to two quasi-2D leads, as depicted in Fig. 4(a) . Such a configuration can be realized by separating two reservoirs of ultracold atoms through a narrow channel, which is imprinted by using two lobes of a laser beam [34] .
We shall consider a general situation with the strength of SOC κ = 0.98(π/2), close to the marginal Abelian regime. The polarization field is fixed to = 0.15, for example, while the staggered potential m is tunable. The chosen parameter range of interest is m ∼ , where the flat bands in Fig. 3(b) would open a large gap m + for u 1 − u K branches and a small gap |m − | for u 2 − u K branches. The Fermi energy E F is tuned to lie at the u 2 − u K positive-energy bands. Then, the properties of ballistic transports will be determined by the 1D zigzag ribbon contact as shown in Fig. 4(b) .
The conductance of the 1D zigzag ribbon can be calculated by the widely used Landauer formula G =
Here, μ is the propagating mode of the quasi-2D leads at Fermi energy E F with μ = −1, − 2, . . . , − M lying in the u 2 branch and μ = 0,1,2, . . . ,M lying in the u K branch [32] . Note that, the propagating zeroth mode, μ = 0, comes from the flat band. The key step is then to calculate numerically the transmission matrix elements t μν , where we have extended the method of Ref. [35] to include the SOC-induced spin-flipped hopping. To illustrate, here we take W lead = 150a for the width of the quasi-2D leads, W rib = 30a and L = 34 √ 3a for the width and length of the 1D ribbon, and m = 0.17, for example. Figure 5 shows the result of conductance, where we have also presented the polarization of the u K branch defined by
Note that when the Fermi energy lies between the zeroth and first modes of the u K branch in the 1D ribbon, that is, |m − | < E F < τ, then only the channel of the zeroth mode, i.e., the flat band, can contribute to the conductance, see Fig. 4(b) . Then, the conductance is quantized with G = 1/h, and only the u K branch of the quasi-2D leads can be perfectly transmitted through the ribbon with the so-called valley polarization P K 1. Note that in contrast to Ref. [32] where the valley is made out of a pseudospinor of graphene, this u K valley carries the real spin freedoms of the spin-1/2 spinors.
As we show in Fig. 2 , while the u K branch of the leads transmit through the 1D zigzag ribbon, the corresponding topological and spin textures can be tuned by two external fields m and simultaneously. When m > , we have C u K = −0.5 and s K z = 1/2 at the K point. In this case, by adding an effective in-plane electric field along the ribbon [36] , only the down spin of the u K Dirac spinor can be transmitted, and it accumulates at the bottom of the right lead [lower shaded region in Fig. 4 Fig. 4 (a) ]. Therefore, by tuning the parameter m, only the up-or down-spin freedom of the spin-1/2 spinors can transit through the zigzag ribbon.
Here we should mention that because there is no topological order in this system, the conductance quantization shown in Fig. 5 cannot be protected by topology. Therefore, the conductance quantization is sensitive to disorder. This is actually the case as that in graphene, for which the effect of disorder on the conductance quantization has been reviewed in [37] . Fortunately, for a mesoscopic system, such quantization and disorder damping have been experimentally observed in [38] . Therefore, we believe that the conductance quantization can also be detected in our system.
VII. DISCUSSION AND CONCLUSION
Finally, we discuss the experimental feasibility of actual realization of the system. First, there have been many proposals for the generation of hexagonal optical lattice. The simplest way is to superpose three coplanar traveling plane waves with the same field strength [4] . The three wave vectors form a trine: their sum vanishes and the angle between any two of them is 2π/3. The optical potential is v(r) ∝ 3 + 2 · r + ϕ) . In this case, we have the staggered sublattice potential m ∝ |ϕ| [4] . Third, we may use laser methods to employ degenerate dark states in a four-level system with three levels coupled to a common fourth, under pairwise two-photon-resonance conditions [39] . Such dressing fields can be applied to generate the Rashba type of non-Abelian gauge field for atoms trapped in optical lattices. Fourth, the polarization field can be easily realized by introducing the population imbalance between two fermionic components. At first sight, it is a complicated task to implement all the optical lattice, the staggered sublattice potential m, the polarization field , and the SOC simultaneously. Here we should mention that with the foreseeable advancement in the state of the art, we expect that the model can be realized in the foreseeable future. Finally, the accumulated up or down Dirac spinors in the right lead can be detected directly by spin-dependent imaging. Nevertheless, the atomic density may decrease away from the center of the trap because of the slowly varying trap potential. To solve this difficulty, we may consider a square-well potential with a sharp trap boundary [40, 41] . Moreover, one may feel that because the narrow 1D ribbon of Fig. 4(a) is imprinted by using two lobes of a laser beam [34] , the connection region between the 2D leads and 1D ribbon, i.e., the scatter region, may be irregular. To solve this problem, we have explored different configurations of the scatter region [42] . The results show that the conductances for different scatter regions are qualitatively the same. This would facilitate future experimental manipulations.
In conclusion, we have shown that the SO-coupled hexagonal lattice can give rise to a variety of spin-based physics of the spin-1/2 Dirac spinors in the marginal Abelian limit with κ = π/2. We investigate the spectrum of the 1D ribbons with different edges and calculate the conductances of the 1D zigzag ribbon with two quasi-2D leads. We show that only the spin-up or spin-down freedom of the Dirac spinors can transit through the zigzag ribbon by tuning the parameter m. 
